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ABSTRACT9

In this work we construct examples of black hole formation from regular, one-ended asymptotically10

flat Cauchy data for the Einstein–Maxwell-charged scalar field system in AdS3 spherical symmetry11

which are exactly isometric to the AdS3 Schwarzschild Black Holes after a finite advanced time along12

the event horizon. Furthermore, the apparent horizon of said Cauchy Data coincides with that of13

vacuum AdS3 at finite earlier advanced time.14

This paper begins with a brief introduction to the history of black hole thermodynamics and the15

prerequisite Einstein-Maxwell theory required for our analysis (adapted to Λ ̸= 0). However, the focus16

of this work is twofold: we first examine the novel Ck gluing techniques pioneered by Stefanos Aretakis17

[Are21], and applied to extremal black holes by Cristoph Kehle and Ryan Unger [Ung22]; adapting18

them to a curved spacetime.19

We begin with an introduction to the prerequisite Einstein-Maxwell theory and the literature on20

manifold gluing theory, tracing the the lineage of the third law of black hole thermodynamics up21

to Kehle & Unger’s 2022 work, the basepoint for our extension to curved spacetime. We adapt the22

machinery from [Ung22] to Schwarzschild and Reissner-Nördstrom solutions in curved spacetime. Then,23

we study the relevant manifold gluing theory and reprove necessary gluing theorems in dS4 & AdS4.24

Finally, we study the violation of the third law of black hole thermodynamics in AdS4 spacetime.25

1. INTRODUCTION26

The study of black holes as a consequence of gravitational collapse, that is a black hole spacetime containing a27

one-ended Cauchy surface which lies outside of the black hole region, was constructed by Oppenheimer and Snyder28

[OS39] for the Einstein-massive dust model in spherical symmetry. Naturally, this model was the theoretical framework29

from which black holes were first studied as thermodynamic objects, where Bardeen, Carter, and Hawking began the30

analogy of black holes to classical thermodynamics with their proposal of the four laws of black hole thermodynamics31

[BCH73]. In particular, letting the surface gravity κ of the black hole take the role of its temperature, they proposed32

a third law in analogy to “Nernst’s theorem” in classical thermodynamics.33

34

The proposed third law of black hole thermodynamics [BCH73]: A subextremal black hole cannot become35

extremal in finite time by any continuous process, no matter how idealized, in which the spacetime and matter fields36

remain regular and obey the weak energy condition.37

38

This is the origin of the long-standing analogy between black hole thermodynamics and their classical counterparts.39

It was also served as the groundwork for W. Israel’s work on proving the third law of black hole thermodynamics (see:40

[Isr86; Isr92]), which he, along with others who narrowed the scope of the third law, established as follows:41

42

The third law of black hole thermodynamics [Isr92] any continuous process in which the stress-energy tensor43

of the accreeted matter stays bounded and satisfies the weak energy condition in a neighborhood of the outer apparent44

horizon.45

46
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However, Israel’s proof had made an incorrect assumption about the nature of apparent horizons. In the context of47

[Isr92] and [Ung22], the apparent horizon the set of points in a given spacetime such that all emanating null geodesics48

converge. In the static case, this corresponds to the definition of an event horizon, however it’s dynamical, local49

description of convergence is more suitable for the dynamical black holes for which the third law applies.50

51

This rigorous definition of the third law of black hole thermodynamics was shown to be incorrect by Kehle and52

Unger, who utilized manifold gluing techniques to achieve extremality under Israel’s definition, achieving Ck regular53

solutions from regular, one-ended asymptotically flat Cauchy data. The work done by Kehle and Unger is manifestly54

a disproof of Israel’s statement of the third law of black hole thernodymanics embdedded in a more general theorem55

regarding the existence initial regular Cauchy data which evolves into an extremal black hole in finite advanced time.56

57

Their proof relies on the gluing of two different Ck Cauchy data sets along a null cone to glue flat R3+1 Minkowski58

space to the Schwarzschild solution (Corollary 2.1) and later the an arbitrary Reissner-Nördstrom solution (Corollary59

2.2) in finite advanced time. This allows them to product extremal black holes for specific choice of initial and final60

data sets, but they restrict their work to the case of Λ = 0. In this work we extend much of the theory to de Sitter61

and Anti-de Sitter spacetime, particularly extneding the gluing theorems to both and extremality to AdS space.62

63

2. PREREQUISITE EINSTEIN-MAXWELL THEORY64

To make meaningful claims regarding the evolution of black holes, we ought to be consice in our definitions of terms.65

We furthermore will reference [Ung22] repeatedly throughout this section, as the groundwork for any new theory in66

AdS3 will be nearly identical to the Λ = 0 case described by Kehle and Unger.67

We will consider the following Einstein-Maxwell-charged scalar field system as the equations whose initial conditions68

will be the Cauchy data:69

Rµν −
1

2
Rgµν + Λgµν = 2(TEMµν + TCSFµν ) (1)70

∇µFµν = 2qℑ(ϕDνϕ)g
µνDµDνϕ = 0 (2)71

gµνDµDνϕ = 0 (3)72

Where we define TEMµν and TCSFµν in the standard form:73

TEMµν = gαβFανFβµ − 1

4
FαβFαβgµν (4)74

TCSFµν = Re(DµϕDνϕ)−
1

2
gµνg

αβDαϕDβϕ (5)75

for a quintuplet (M, g, F,A, ϕ)1, where (M, g) is a 3+1 dimensional Lorentzian manifold, ϕ is a complex scalar field,76

A is a real one-form, F = dA is a real-valued 2-form, and D = d+ iqA is the gauge covariant derivative, q ∈ R/{0} is77

a fixed coupling constant for the scalar field ϕ.78

79

We assume F is SO(3)-symmetric, therefore we reduce it to the simpler form:80

F = Fuvdu ∧ dv + Fθψdθ ∧ dψ (6)81

where Fθψ = Qmsin(θ) for some constant Qm to account for the spherical choice of coordinates. We furthermore82

have the constraint of U(1) gauge invariance of the scalar field, and thus have invariance under the local transformation:83

ϕ→ e−qiξϕ and Aµ → Aµ+ ∂µξ for any smooth choice of ξ. We break this symmetry by choosing ξ such that Av = 0,84

which will be the case for any argument in this paper as well as any reference to [Ung22] or [Van20].85

1 The next few sections assume Λ = 0, as these sections pertain to background leading up to the main theorems of [Ung22].



3

3. PREREQUISITE MANIFOLD GLUING THEORY86

Due to the nature of the gluing and the extent to which we will use the theory, it is necessary to understand the87

theory pioneered by Aretakis, Czimek, and Rodnianski and their work on Ck characteristic gluing of codimension-1088

surfaces along null geodesics.89

90

The theory diverges from previous work on constructing solutions along spacelike surfaces subject to traditional91

elliptic constraint equations [Are21], and instead considers a Lorentzian metric Σ and the problem of characteristic92

gluing. This allowed [Are21] to study the adaptability of given solutions for a given set of data posed on an initial null93

hypersurface. This key step relies the following setup: Consider a null hypersurface (M) foliated by 2-dimensional94

compact manifolds, each diffeomorphic to S2. Constructing the analogous constraint equations now for M gives a set95

of null constraint equations (See: [Are21])96

97

These equations differ from the previous restriction equations for spacelike gluing in that they are heavily degenerate,98

and can be analyzed by parameterizing the conformal class of g for a degenerate double-null metric g on M. This99

parameterization gives rise to a system of ”linear control” on the solution set between any two arbitrary data sets100

S1, S2 defined on compact 2-manifolds which foliate Σ. By the ODE nature of the constraint equations, these gluing101

constructions result in any solution between S1 and S2 being the unique solution.102

103

For the range of our application of the gluing methods employed by [Are21], we consider the following setup: Let104

(M1, g1), (M2, g2) be vacuum spacetimes with S1, S2 be elements of the respective foliation of spacetimes M1,M2.
2

105

We then define the sphere perturbation of D2 defined on S2 as follows: Consider an ingoing null hypersurface H2106

which intersects S2, and consider the restriction of the Cauchy data of H2 onto S2 as D′
2, the sphere perturbation of107

D2 on S2 in M2. [Are21] also defines a sphere diffeomorphism as the pullback ϕ∗(D2) for some diffeomorphism ϕ of S2.108

109

Then, the primary groundwork of [Ung22] can be understood from the following theorem:110

111

Theorem 3.1 (Aretakis, Czimek, Rodnianski) Let δ > 0 be a real number. Consider sphere data D1 on a112

sphere S1, and characteristic initial data x[−δ,δ],2 along an ingoing null hypersurface H2, and let S2 be a section of H2113

with sphere data D2 (see Sections 2.1, 2.3 and 2.4). Assume that both D1 and x[−δ,δ],2 are respectively sufficiently114

close to the sphere data on a sphere of radius 1 and characteristic initial data on the ingoing null hypersurface H2115

passing through the sphere of radius 2 in Minkowski. Then there is a null hypersurface H′
[1,2] connecting the sphere116

data D1 on S1 to a perturbation S′
2 ⊂ H2 of the sphere S2 with sphere data D′

2 satisfying the null constraint equations117

such that – up to the 10 gauge-invariant charges explicitly defined at S′
2: all derivatives tangent to H′

[1,2] for sphere118

data D1, D
′
2 are glued.119

120

121

photo courtesy of [Are21]122

This sufficient closeness to the sphere data in Minkowski space reduces the characteristic gluing problem to a123

linearized characteristic gluing in Minkowski up to diffeomorphism, where the quantities which must be glued can be124

matched by a choice of linearized free data along the gluing null hypersurface.125

2 We also consider all references to sphere data and/or characteristic gluing to be defined as in [Ung22] referenced below, and use double
null coordinates for all gi.
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4. ARETAKIS GLUING UNDER EINSTEIN-MAXWELL SCALAR FIELD EQUATIONS126

Due to the nature of this paper’s existence as an extension of the gluing theorems developed in [Ung22], we first127

examine the theory in Minkowski as developed by Kehle and Unger.128

Below is the main proposition from this work. Since this proof is a consequence of standard ODE theory, we do not129

repeat the proof of the main proposition here. Instead, we suggest the reader reference [Ung22] for a contextualization130

of the argument.131

We first need to outline some basic terminology. Our assumption of spherical symmetry allows us to write g as132

g = gQ + r2gS2 (7)133

g = −Ω2dudv + r2gS2 (8)134

where (Q, gQ) is a (1+1)-dimensional Lorentzian spacetime with (possibly empty) boundary Γ, gS2 is the round metric135

on the sphere, and r : Q → R≥0 is the area-radius function. This foliates the spacetime into spheres with a center Γ136

which is fixed under SO(3).137

138

photo courtesy of [Ung22]139

Definition 4.1 (Kehle & Unger): Let k ∈ N. Let D1, D2 ∈ Dk be sphere data sets3. We say that D1 can be140

characteristically glued to D2 to order k in the Einstein–Maxwell-charged scalar field system in spherical symmetry if141

there exist v1 < v2 and a Ck cone data set D : [v1, v2] → Dk such that D(v1) is gauge equivalent to D1 and D(v2) is142

gauge equivalent to D2143

144

Proposition 4.1 (Kehle & Unger): Let (Q1, r1,Ω
2
1, ϕ1, Q1, Au1) and (Q2, r2,Ω

2
2, ϕ2, Q2, Au2) be two Ck solutions145

of the EMSCF system under SO(3) symmetry where each Qi denotes a double null rectangle, i.e.,146

Qi = [u0,i, u1,i]× [v0,i, v1,i] (9)147

148

Let D1 be the sphere data induced by the first solution on (u0,1, v1,1) and D2 be the sphere data induced by the second149

solution on (u1,2, v0,2). If D1 can be characteristically glued to D2 to order k, then there exists a spherically symmetric150

Ck solution (Q, r,Ω2, ϕ,Q,Au) of the EMSCF system with the following property: There exists a double null gauge151

(u, v) on Q containing double null rectangles152

3 For an understanding of Sphere data sets, consider section (5)
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R1 = [−1, u2]× [v0, v1] (10)153

R2 = [u0,−1]× [v2, v3] (11)154

such that the restricted solutions (Ri, r,Ω
2, ϕ,Q,Au) are isometric to (Qi, ri,Ω

2
i , ϕi, Qi, Aui) for i ∈ {1, 2}, and the155

sphere data induced on (−1, v1) and (−1, v2) equal D1, D2 to kth order, respectively.156

157

5. SPHERICALLY SYMMETRIC EMSCF EQUATIONS WITH Λ ̸= 0158

To examine how a non-Minkowski background spacetime will affect the formation of extremal black holes, we must159

first establish a system of Einstein-Maxwell Scalar field equations in curved space. Note that we still have the same160

two parallel transport equations from the condition that161

∇µFνµ = 0 (12)162

and thus the Maxwell equations remain unchanged (see [Kom13] for details):163

∂µQ = −qr2ℑ(ϕDµϕ)∂νQ = qr2ℑ(ϕDνϕ) (13)164

Furthermore, we retain the gauge choice Au = 0, and thus have165

F =
QΩ2

2r2
du ∧ dv∂vAu = −QΩ2

2r2
(14)166

For a derivation of equations analogous to those in [Ung22]4, we reference [Ros23] appendix A. Note the following167

form of the wave equations (where we set m = 0 from [Ros23], which will be referenced in further chapters.168

∂u∂vϕ = −∂uϕ∂vr
r

− ∂ur∂vϕ

r
+
iqΩ2Q

4r2
ϕ− iqAu

∂vr

r
ϕ− iqAu∂vϕ (15)169

∂u∂vr =
Ω2

4r3
Q2 +

Ω2r

4
Λ− Ω2

4r
− ∂vr∂ur

r
(16)170

∂u∂vlog(Ω
2) = −2Re(Duϕ∂vϕ)−

Ω2Q2

r4
+

Ω2

2r2
+

2∂vr∂ur

r2
(17)171

Where equation (2.10) is modified slightly to include a nonzero contribution from Au as defined in equation (2.4) of172

[Ung22]. We also have an identical set of Rayshaudhuri’s equations as in the Minkowski case:173

∂u(
∂ur

Ω2
) = −r |Duϕ|2

Ω2
(18)174

∂v(
∂vr

Ω2
) = −r |Dvϕ|2

Ω2
(19)175

6. FORMULATION OF PREREQUISITE GLUING PROPOSITIONS176

Before we reach the main gluing theorems, we must first define Ck-regularity as well as how we prescribe initial177

Cauchy data in a curved spacetime. This section will mirror sections 2.2 and 2.3 of [Ung22], with only minor changes178

to adapt proofs to a curved backgound spacetime.179

180

Definition 6.1 (Kehle & Unger): Let k ∈ N. A Ck solution for the EMCSF system in the gauge Au = 0 will consist181

of a codomain Q ⊂ R1+1
u,v as well as functions r ∈ Ck+1(Q) and (Ω2, ϕ,Q,Au ∈ Ck(Q) such that r > 0, Ω2 > 05, ϕ182

has complex codomain, ∂k+1
v Au ∈ C0(Q), and the functions satisfy the given EMSCF system.183

184

4 Equations (2.4)-(2.11)
5 we will fix this to be 1 in the double null gauge
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To prescribe initial Cauchy data, we first need a Cauchy surface onto which we can define our Ck solution. We185

define the bifurcate null hypersurface C ∪ C ⊂ R1+1
u,v to be186

C = {u = −1} ∩ {v ≥ 0}C = {v = 0} ∩ {u ≥ −1} (20)187

Where each point in C ∪ C corresponds to a foliation diffeomorphic to S2. The point which defines C ∩ C188

is referred to as the bifurcation sphere. We pose initial data on C ∪ C. We define such a data set as a189

Ckbifurcate characteristic initial data set, which corresponds to a pentupluet of functions (Ω2, ϕ,Q,Au ∈ Ck(Q)190

defined on the bifurcate null hypersurface such that they satisfy the EMSCF equations as well as Definition 2.1.191

192

Proposition 2.1 from [Ung22] remains unchanged as well, as the guaranteed existence of a solution in a local neigh-193

borhood is a consequence of a broader ODE theory, and thus is invariant under a change in Λ. We follow a standard194

iteration argument to show a relevant proposition:195

196

Proposition 6.2 (Kehle & Unger): Let (r,Ω2, ϕ,Q,Au) be a Ck bifurcate characteristic initial data set as in197

Definition 2.2. Then the EMSCF system can be used to determine as many as u-derivatives of r,Ω2, ϕ,Q, and Au on198

C as is consistent with Definition 2.1 explicitly from the data on C ∪ C199

200

Since (r,Ω2, ϕ,Q,Au) are given on C, ∂iu is well-defined for 1 ≤ i ≤ k6 on the characteristic data. Thus ∂ur(−1, 0)201

is known. Rewriting the wave equation for r, we have202

(∂u +
∂vr

r
)∂ur =

Ω2

4r3
Q2 +

Ω2r

4
Λ− Ω2

4r
(21)203

204

where, as in the case of Λ = 0, the right-hand side terms are all known and therefore by standard ODE theory we know205

∂ur(−1, v). Following this strategy, ∂uϕ(−1, v), ∂ulog(Ω
2)(−1, v) can be found, as can ∂uAu(−1, v). The iteration206

argument proceeds identically to [Ung22] from here, giving us k derivatives for r,Ω2, ϕ,Q), and k+1 derivatives for Au.207

208

We now setup a notion of initial sphere data. This definition is indistinguishable to that of Aretakis, Czimek,209

Rodnianski.210

211

Definition 6.2: A sphere data set with regularity index k for the EMSCF system of equations (with Av = 0) is the212

following set:213

ρ > 0, ρ1u, ..., ρ
k+1
u , ρ1v, ..., ρ

k+1
v ∈ R (22)214

ω > 0, ω1
u, ..., ω

k
u, ω

1
v , ...ω

k
v ∈ R (23)215

ϕ, ϕ1u, ..., ϕ
k
u, ..., ϕ

1
v, ..., ϕ

k
v ∈ C (24)216

ζ, ζu1, ..., ζuk, ζv1, ..., ζvk ∈ R (25)217

a, a1u, ..., a
k
u, a

1
v, ..., a

k
v , a

k+1
v ∈ R (26)218

(27)219

As in [Ung22], denote Dk to be the set of sphere data sets with regularity index k, where the sphere data sets are220

degenerate with respect to the solutions they generate under the following gauge group:221

222

Definition 6.3 (Kehle & Unger): The full gauge group of the Einstein-Maxwell charged scalar field system in223

spherically symmetric double null gauge with Av = 0 is formalized as:224

G = {(f, g) : f, g ∈ Diff+(R), f(0) = g(0) = 0} × C∞(R)225

6 Ck+1 regularity for Au
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226

We will also assume the gauge Ω = 1; that is ω = 1, ωiu = ωiv = 0 for 1 ≤ i ≤ k. Every sphere data set then is gauge227

equivalent to a lapse normalized sphere data set. (Defined in Kehle & Unger Definition 2.5 )228

Becuase the proofs of Propositions 2.3 and 2.4 from [Ung22] do not have proofs which involve any machinery affected229

by a nonzero Λ, we leave the reader to reference [Ung22] for the proofs and state only the propositions themselves,230

along with the relevant definitions). We restate them here for the sake of continuity:231

232

Proposition 6.3 (Kehle & Unger): Let k ∈ N, v1 < v2 ∈ R, r,Au ∈ Ck+1([v1, v2], and Ω@, ϕ,Q ∈ Ck([v1, v2])233

which satisfy the EMSCF Maxwell and Raychaudhuri equations on [v1, v2]. Let D1 ∈ Dk such that all v-components of234

D1 agree with the corresponding v-derivatives of (r,Ω2, ϕ,Q,Au) at v1. Then there exists a unique continuous function235

D : [v1, v2] → Dk such that D(v1) = D1 and upon formal identification of the formal symbols ρ(Dv), ρ
1
v(D(v)), etc,236

with (r,Ω2, ϕ,Q,Au) at v1 and their u, v derivatives, satisfies the EMSCF system and agrees with (r,Ω2, ϕ,Q,Au) at237

v1 in v-components for all v ∈ [v1, v2].238

239

Definition 6.4 (Kehle & Unger): Let k ∈ N, v1 < v2 ∈ R. A Ck cone data set for teh EMSCF scalar field in240

symmetry is a continuous function D : [v1, v2] → Dk satisfying the EMSCF system.241

242

Proposition 6.4 (Kehle & Unger): Let k ∈ N, v1 < v2 ∈ R, and D1 ∈ Dk be lapsed normalized. For any243

ϕ ∈ Ck([v1, v2]) such that ∂ivϕ(D1), for 0 ≤ i ≤ k, there exist unique functions r,Au ∈ Ck+!([v1, v2]) and244

Q ∈ Ck([v1, v2]) such that (r,Ω2, ϕ,Q,Au) satisfies the hypotheiss of Proposition 2.3 with Ω2(v) = 1 for every245

v ∈ [v1, v2].246

247

7. SPHERE DATA SETS IN CURVED SPACETIME248

Here we define canonical sphere data sets in dS,AdS space. In our characterization of initial sphere data sets we249

wish to use as the endpoints for our null gluing light cone, we limit the scope to spherically-symmetric solutions of the250

EMSCF system. Formally, we define spherical symmetry as follows:251

252

Definition 7.1: Let (M, g, F,A, ϕ) be smooth data set satisfying the EMSCF system. Such data is spherically253

symmetric if:254

1. The Lie group SO(3) acts by isometry on (M, g)255

2. The SO(3) action preserves g, ϕ, |ϕ|2, A256

3. Σ = M/SO(3) is a connected 1-dimensional Riemannian manifold257

We now define sphere data sets for dS,AdS space. We use the standard metric shown below for the definition of the258

following sets. We associate the metric:259

ds2 = −f(r)dt2 + 1

f(r)2
dr2 + r2gS2 (28)260

f(r) = 1∓ Λr2

3
− 2M

r
(29)261

for ± corresponding to De Sitter and Anti-de Sitter space, respectively.262

263

Definition 7.2: Let (M, g, F,A, ϕ) be smooth data set satisfying the EMSCF system. Such data is spherically264

symmetric if:265

1. The Lie group SO(3) acts by isometry on (M, g)266

2. The SO(3) action preserves g, ϕ, |ϕ|2, A267

3. Σ = M/SO(3) is a connected 1-dimensional Riemannian manifold268

Definition 7.3: de Sitter data. Let k ∈ N, and R > 0. Then the unique lapse normalize sphere data set satisfying269

1. ρ = R270
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2. ρ1u = − 1
2 (1−

1
3ΛR

2)271

3. ρ1v =
1
2 (1−

1
3ΛR

2)272

is herein referred to as the dS sphere data of radius R and vacuum energy Λ > 0. It is notated DR,k
dS .7273

274

Definition 7.4: Anti de-Sitter data. Let k ∈ N, and R > 0. Then the unique lapse normalize sphere data set275

satisfying276

1. ρ = R277

2. ρ1u = − 1
2 (1−

1
3ΛR

2)278

3. ρ1v =
1
2 (1−

1
3ΛR

2)279

is the vacuum Anti de-Sitter sphere data set of mass M and cosmological constant Λ < 0, notated DR,k,M
AdS280

281

Definition 7.5: de Sitter-Schwarzschild data. Let k ∈ N, and 0 ≤ rsch ≤ R ≤ rch, where rsch is the dS-282

Schwarzschild radius and rch is the Cosmological horizon. We assume to work in a regime for M >> |Λ|, such283

that 0 < rsch < rch. Then the unique lapse normalize sphere data set satisfying284

1. ρ = R285

2. ρ1u = − 1
2 (1−

1
3ΛR

2)286

3. ρ1v =
1
2 (1−

2M
R − 1

3ΛR
2)287

288

is the Schwarzschild-de Sitter sphere data set of mass M and cosmological constant Λ > 0, notated DR,k,M
SdS289

290

Definition 7.6: AdS-Schwarzschild data. Let k ∈ N, and 0 ≤ r′sch ≤ R, where r′sch is the apparent horizon of a291

SAdS black hole with parameters Λ,M . Then the unique lapse normalize sphere data set satisfying292

1. ρ = R293

2. ρ1u = − 1
2 (1−

1
3ΛR

2)294

3. ρ1v =
1
2 (1−

2M
R − 1

3ΛR
2)295

296

is the Schwarzschild Anti-de Sitter sphere data set of mass M and cosmological constant Λ < 0, notated DR,k,M
SAdS297

298

Definition 7.7: RNAdS data. Let k ∈ N, and 1 − 2M
r + e2

r2 − Λr2

3 with two roots, r+, r− > 0 corresponding to the299

inner and outer horizons of the black hole. Then the unique lapse normalize sphere data set satisfying300

1. ρ = r+301

2. ρ1u = −1/2302

3. ρ1v = 0303

4. q = e304

is the Reissner-Nördstrom Anti-de Sitter sphere data set of mass M and cosmological constant Λ, notated DR,k,M
RNAdS305

306

Lemma 7.1: Gauge Transformation dS/AdS identificaiton. If D ∈ Dk satisfies (for all 1 ≤ i ≤ k):307

1. ρ = R > 0308

2. ρ1u < 0309

3. 1
2ρ(1 + 4ρ

|
u1ρ1v) =M310

7 For any sphere data set, all values listed are set to zero.
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4. Q = 0311

5. ζiu = ζiv = 0312

Then it follows that R is equivalent to DR,k,M
SdS /DR,k,M

SAdS under G.313

314

Proof: First, note that from Maxwell’s equations q = 0 → ∂iu,vq = 0 for any derivatives of u, v to all orders.315

Additionally, since ζiu = ζiv = 0, we can apply a gauge transformation χ such that dχ = −1, then 0 = ϕ→ e−ieχϕ = 0316

and A → A+ dχ = 0 and thus aiu = 0 for 0 ≤ i ≤ k. aiv = 0 for 1 ≤ i ≤ k from F = d(Audu). Then rescale the lapse317

such that ω = 1. Thus all assumptions are satisfied, as R > 2M follows from ρ1uρ
1
v < 0.318

Similarly, we define gauge equivalence for DR,k,M
RNAdS :319

320

Lemma 7.2: Gauge Transformation for RNAdS: If D ∈ Dk satisfies (for all 1 ≤ i ≤ k):321

1. ρ = r+322

2. ρ1u < 0323

3. ρ1v = 0324

4. e = qM325

5. ζiu = ζiv = 0326

The charge vanishes to all orders, so under a normalization of gauge potential and lapse we rescale u → λu and327

v → λ−1v to make ρ1u = − 1
2 .328

329

8. K-REGULAR GLUING THEOREMS IN CURVED SPACETIME330

This section will trace the proofs in Section 3.4 of [Ung22]. We first show the cases of gluing DR,k,M
dS , DR,k,M

AdS to331

dS/AdS-Schwarzschild Cauchy data sphere sets DR,k,M
SdS , DR,k,M

SAdS respectively.332

333

Theorem 8.1: For any k ∈ N, 0 < R < 2M , and Λ << r,8 the de Sitter sphere of radius R, DR,k,M
dS , can be334

characteristically glued to a Schwarzschild-de Sitter event horizon sphere with mass M , DR,k,M
SdS with Ck regularity,335

such that the solution globally satisfies the EMSCF system with SO(3) symmetry.336

337

Theorem 8.2: For any k ∈ N and 0 < R < 2M , the Anti-de Sitter sphere of radius R, DR,k,M
AdS , can be character-338

istically glued to an Anti-de Sitter Schwarzschild event horizon sphere with mass M , DR,k,M
ASdS with Ck regularity, such339

that the solution globally satisfies the EMSCF system with SO(3) symmetry.340

341

Theorem 8.3: For any k ∈ N, q ∈ [−1, 1], and e ∈ R \ {0}, there exists a number M0(k, q, e) ≥ 0 such that if342

Mf > M0, 0 ≤Mi ≤ 1
8Mf , and 2Mi < Ri ≤ 1

2Mf , then the Anti-de Sitter Schwarzschild sphere of mass Mi and radius343

Ri, D
S
Mi,Ri,k

, can be characteristically glued to the Reissner-Nördstrom event horizon with mass Mf and charge to344

mass ratio q, DR,k,M
RNAdS, to order Ck. Furthermore, associated characteristic data can be chosen to have no spherically345

symmetric antitrapped surfaces.9346

347

9. PROOF OF THEOREMS 8.1 & 8.2348

We begin by making the following ansatz: We claim that the scalar field can be constructed as a collection of analytic349

”pulses”, each with compact support. Formally, we partition the unit line into k sections, with350

0 = v0 < v1 < ... < vk < vk+1 = 1 (30)351

such that for each 1 ≤ j ≤ k + 1, we fix a nontrivial bump function352

8 See: dS gluing limit; Appendix A
9 reduces to ”Theorem 2B” [Ung22] in the case of Λ = 0
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χj ∈ C∞
c ((vj−1, vj);R) (31)353

We then define the scalar field ansatz as follows: Let α ∈ Rk+1, and define354

ϕα(v) = Σk+1
j=1αjχj(v) (32)355

Where αj is the jth component of α.356

357

Using lapse-normalized equivalence, we set Ω2ϕα(v) = 1 on v ∈ [0, 1]. From equation (18), lapse-normalization,358

along with the scalar field ansatz, determines a unique rα(v) along [0, 1]:359

∂2vrα(v) = −rα(v)(∂vϕα(v))2 (33)360

We then uniquely fix the solution by assigning values to rα(v) at v = 1:361

rα(1) = 2M (34)362

∂vrα(1) = 0 (35)363

Let 0 < ϵ < 2M − R. By Cauchy Stability and monotonicity properties of equation (18), there exists some δ > 0364

such that for all 0 ≤ |α| < δ,365

sup[0,1]|rα(v)− 2M | ≤ ϵ (36)366

inf[0,1]∂vrα(v) ≥ 0 (37)367

∂vrα(0) > 0 (38)368

We now consider the restriction of α to the sphere Skδ = {α ∈ Rk+1; |α| = δ}. For all such α, define Dα(0) ∈ Dk as369

the sphere data set satisfying:370

ρ = rα(0) > 0371

ρ1v = ∂vrα(0) > 0372

ρ1u = −1
4ρ1v

373

ω = 1374

By Lemma 7.1, Dα(0) is equivalent to D
R,k,M
dS under the gauge group G. For each α ∈ Skδ , we can apply Propositions375

6.3 & 6.4 to uniquely determine sphere data along the null cone parameterized by v ∈ [0, 1]:376

Dα : [0, 1] → Dk (39)377

where Dα(0) is given above. By standard ODE theory, Dα(v) is continuous in both v and α. Recall the notation378

for Cauchy sphere data sets established above; ρ(Dα(v)) = rα(v), ζ(Dα(v)) = ϕα(v), and ∂
i
uϕα(v) = ζiu(Dα(v)).379

By construction, Dα(1) satisfies380

1. ρ = 2M381

2. ρ1u < 0382

3. ρ1v = 0383

4. ω = 1384

5. ζiv = 0 for 0 ≤ i ≤ k.385

Where conditions 1 and 3 follow from the conditions set on rα(v) above, condition 5 follows from the compact386

support of ϕ, and condition 4 is lapse normalization. Condition 2 can be shown by considering the quantity ∂v(r∂ur),387

which can be shown via expanding and substitution of (16) to be:388

∂v(r∂ur) = −1

4
(1− r2Λ) (40)389

which propagates the sign of r∂u(r) for small values of Λ, and all values of Λ < 0. See Appendix A for a specific390

discussion of this limit. By assumption in Theorem 8.1, this holds and therefore ∂urα(v) < 0 on [0, 1].391
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In order to glue to DR,k,M
SdS with k-regular solutions, we require ζiu(1) = 0 for all 1 ≤ i ≤ k. This is equivalent to,392

for some α̃ ∈ Skδ , our ansatz ϕα(1) satisfying ∂iuϕα̃ = 0 for 1 ≤ i ≤ k. This result is in fact guaranteed by a simple393

application of the Borsuk-Ulam theorem [Bor33] on Skδ .394

395

Borsuk-Ulam Theorem: Let f : Sk → Rk be a continuous, odd function. Then there exists x ∈ Sk such that396

f(x) = 0.397

398

Lemma 9.1: As functions on [0, 1] × Skδ , r and Ω2 are all even functions of α. ϕ is odd in α. Furthermore, all399

higher u, v derivatives hold the same parity as their zeroth derivative. Importantly,400

F : Skδ → Rk401

α→ (ζ1u, ..., ζ
k
u)402

is continuous and odd.403

404

Proof: Immeadiately from the definition, the scalar field ϕ is odd in α. Since rα is determined by equation (25)405

which has only even powers of ϕ, then rα must be even in α.406

We then combine wave equations (15), (16) to determine the wave equation for rϕ. Simple rearranging yields:407

∂u∂v(rϕ) = ϕ(
rΛ

4
− 1

4r
− ∂u(r)∂v(r)

r
) (41)408

Since ϕ is odd in α and the expression depending on r is even, the right-hand side of this expression is odd in α.409

Thus it follows by inspection that ∂u(rϕ) is odd and therefore ∂uϕ is also odd. From here it follows from Proposition410

6.2 that these parity rules hold for higher order derivatives as well. This can be seen in the transport equations411

for ingoing derivatives of r and Ω2 (which only contain even powers of ϕ), and the analogous equations for ∂iuϕ for412

1 ≤ i ≤ k involve only odd powers of ϕ.413

414

Thus the map F : Skδ → Rk is odd. By the Borsuk-Ulam Theorem, this antipodal map must contain a root; that415

is some α̃ such that F (α̃) = 0. This then determines a Cauchy sphere at v = 1 which is gauge equivalent to either416

DR,k,M
SdS or DR,k,M

SAdS with Ck regularity. Noting the extra condition on the evolution of (16), this proves Theorems 8.1417

and 8.2 simultaneously.418

419

10. PROOF OF THEOREM 8.3420

Given that this proof mirrors the proof found in Kehle & Unger’s work (see: Proof of Theorem 2B), this section will421

sketch the proof as fully detailed in [Ung22]. Lemmas where Λ has a trivial effect will be starred* and their proofs422

will be fundamentally identical the original work. Notation is also drawn from [Ung22].423

424

Let425

0 = v0 < v1 < · · · < v2k < v2k+1 = 1 (42)426

be an arbitrary partition of [0, 1]. For each 1 ≤ j ≤ 2k + 1, fix a nontrivial bump function427

χj ∈ C∞
c ((vj−1, vj);R).428

In the rest of this section, the functions χ1, . . . , χ2k+1 are fixed and our constructions depend on these choices.10429

430

For α = (α1, . . . , α2k+1) ∈ R2k+1, set431

ϕα(v)
.
= ϕ(v;α)

.
=

∑
1≤j≤2k+1

αjχj(v)e
−iv. (43)432

433

10 If e > 0, this choice of ϕ will make Q ≥ 0, with is consistent with q > 0. If e > 0 and q < 0, then we replace −iv in the exponential with
+iv. Similarly, the cases e < 0, q > 0 and e < 0, q < 0 can be handled. Therefore, we assume without loss of generality that e > 0, q > 0.
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434

For α̂ ∈ S2k, define r(v;β, α̂) = r(v;βα̂). Set Ω2(v;α) ≡ 1. We then have:435

∂2vr(v;α) = −|α|2r(v;α)|∂vϕα̂(v)|2, (44)436

∂vQ(v;α) = e|α|2r(v;α)2ℑ(ϕα̂(v)∂vϕα̂(v)). (45)437

rα(1) and Q are initialized to:438

r(1;α) = r+,439

∂vr(1;α) = 0,440

Q(0;α) = 0 (46)441

which, together with Maxwell’s and Raychaudhuri’s equations, uniquely determine r and Q on [0, 1].442

443

Note the following identities:444

|∂vϕα̂|2 =
∑

1≤j≤2k+1

α̂2
j

(
χ2
j + χ′2

j

)
445

and446

ℑ(ϕα̂∂vϕα̂) =
∑

1≤j≤2k+1

α̂2
jχ

2
j .447

Therefore,448 ∫ 1

0

|∂vϕα̂|2 dv ≈
∫ 1

0

ℑ(ϕα̂∂vϕα̂) dv ≈ 1449

for any α̂ ∈ S2k.450

451

Lemma 10.4*: There exists a constant 0 < c ≲ 1 such that 0 < β ≲ cα̂ ∈ S2k implies that r(·;βα̂) satisfies452

r(v;βα̂) ≥ 1
2r+ (47)453

∂vr(v;βα̂) ≥ 0 (48)454

Furthermore,455

∂vr(0;βα̂) > 0. (49)456

Proof. This is a simple bootstrap argument in v. Assume that on [v0, 1] ⊂ [0, 1], we have457

inf
[v0,1]

r ≥ 0 (50)458

inf
[v0,1]

∂vr ≥ 0. (51)459

This is clear for v0 close to 1 by Cauchy stability. From Raychaudhuri’s equation, r ≥ 0 implies ∂vr is monotone460

decreasing, hence is bounded above by ∂vr(v0), which can be estimated by461

∂vr(v0) =

∫ 1

v0

β2r|∂vϕα̂|2dv ≲ β2r+ (52)462

since r ≤ r+ on [v0, 1]. It follows that463

r(v0) = r+ −
∫ 1

v0

∂vr dv ≥ r+ − Cβ2r+ (53)464

for some C ≲ 1. Choosing β > 0 sufficiently small shows r(v0) ≥ 1
2r+ which improves the bootstrap assumptions and465

proves the first desired estimate. Finally, note the estimate ∂vr(0;βα̂) > 0. holds true as ∂vr is monotone decreasing466

and r is not constant (β > 0 and the scalar field is not identically zero).467
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Lemma 10.5: By potentially making the constant c from w smaller, we have that for any 0 < β ≤ c and α̂ ∈ S2k,468

the following estimate holds469

∂

∂β
Q(1;β, α̂) > 0. (54)470

Proof. Integrating Maxwell’s equation w and using w, we find471

Q(1;β, α̂) =

∫ 1

0

eβ2r2ℑ(ϕα̂∂vϕα̂) dv. (55)472

A direct computation yields473

∂βQ(1;β, α̂) = 2eβ

∫ 1

0

(r2 + βr∂βr)ℑ(ϕα̂∂vϕα̂) dv. (56)474

Note that ℑ(ϕα̂∂vϕα̂) ≥ 0 pointwise and is not identically zero. Since 0 < β ≤ c, we estimate475

r2 + βr∂βr ≥ 1
4r

2
+ − Cβr2+ = r2+(

1
4 − Cβ), (57)476

where we also used |∂βr| ≲ r+ which follows directly from differentiating (44) with respect to β = |α|. Therefore, by477

choosing c even smaller, we obtain ∂βQ(1;β, α̂) > 0.478

Lemma 10.6* If eMf/q is sufficiently large depending only on k and the choice of profiles, then there is a smooth479

function βQ : S2k → (0,∞) so that Q(1;βQ(α̂), α̂) = qMf for every α̂ ∈ S2k, which also satisfies480

βQ(α̂) ≈
√
qMf√
er+

(58)481

βQ(−α̂) = βQ(α̂) (59)482

for every α̂ ∈ S2k.483

Proof. As in the proof of w we have484

Q(1;β, α̂) = eβ2

∫ 1

0

r2ℑ(ϕα̂∂vϕα̂). (60)485

If β is sufficiently small so that w and w apply, we estimate486

Q(1;β, α̂) ≈ eβ2r2+. (61)487

For eMf/q sufficiently large as in the assumption, we apply now the intermediate value theorem, to obtain a βQ(α̂)488

satisfying 0 < βQ(α̂) ≤ c such that489

wQ(1;βQ, α̂) = qMf . (62)490

Note that βQ(α̂) is unique since Q(1; ·, α̂) is strictly increasing as shown in w. Moreover, since Q(1; ·, ·) is smooth491

(note that α̂ ∈ S2k and β > 0 enter as smooth parameters in w which defines Q), a direct application of the implicit492

function theorem using that ∂βQ(1; ·, α̂) ̸= 0 shows that βQ : S2k → (0,∞) is smooth. Moreover, βQ satisfies493

eβ2
Qr

2
+ ≈ qMf494

which shows our above estimate for β. Finally, note that Q(1;β,−α̂) = Q(1;β, α̂), from which it follows that β is495

odd.496

Lemma 10.7: Let eMf/q be sufficiently large (depending only on k and the choice of profiles) so that the previous497

lemma applies. Then498

pQ : S2k → Q2k (63)499

α̂ 7→ βQ(α̂)α̂ (64)500

is a diffeomorphism, where501

Q2k = {βQ(α̂)α̂ : α̂ ∈ S2k} ⊂ R2k+1 (65)502

is the radial graph of βQ. Q
2k is invariant under the antipodal map, and pQ commutes with the antipodal map.503
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Proof. By definition of Q2k and the facts that βQ is smooth, positive, and invariant under the antipodal map as proved504

in w, the stated properties of Q2k and pQ follow readily.505

Having identified the set Q2k which guarantees gluing of the charge Q, for the rest of the section we will always take506

α ∈ Q2k. Recall from w that for every α ∈ Q2k:507

|α| ≈
√
qMf√
er+

. (66)508

Before proceeding to choose sphere data, we will need to examine the equation for ∂ur because this will place a further509

restriction on α which must be taken into account before setting up the topological argument. Setting the initial510

hawking mass to Mi,511

m(0;α) =Mi (67)512

initializing513

∂ur(0;α) = −(1− 2Mi

r(0;α)
)

1

4∂vr(0;α)
. (68)514

The transverse derivative ∂ur(v;α) is now determined by solving wave equation (10),515

w∂v∂ur(v;α) = − 1

4r(v;α)2
− ∂ur(v;α)∂vr(v;α)

r(v;α)2
+ Λ

Ω2r

4
+
Q(v;α)2

4r(v;α)3
, (69)516

with initialization w.517

Furthermore,518

1− 2Mi

r(0;α)
≥ 1− 4Mi

Mf
> 0,519

so520

∂ur(0;α) < 0. (70)521

Having initialized ∂ur at v = 0, we determine ∂ur(v;α) using the above wave equation, and we will now show that522

for eMf/q sufficiently large, ∂ur(v;α) < 0 for all v ∈ [0, 1].523

524

Lemma 10.8: If eMf/q is sufficiently large depending only on k and the choice of profiles and if 0 ≤ Mi ≤ 1
8Mf ,525

then526

sup
v∈[0,1]

∂ur(v;α) < 0 (71)527

for every α ∈ Q2k.528

Proof. Since r > 0 on [0, 1], it suffices to show that529

sup
[0,1]

r∂ur < 0.530

First, as in the proof of 8.1, we bound ∂v(r∂ur):531

|∂v(r∂ur)| = |1
4
(1 + Λr2 − Q2

r2
)| ≲ 1, (72)532

as533

Q(v;α) ≤ Q(1;α) = qMf ≲ r(v;α), (73)534

then, from Lemma 4.5,535

sup
v∈[0,1]

r(v)∂ur(v) ≤ r(0)∂ur(0) + C1, (74)536

where C1 ≲ 1 is a constant. Analogously to before, we estimate537

∂vr(0;α) ≲ |α|2r+ ≲
q

e
, (75)538
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where we used our approximation for α. Now, using our above initialization,539

−r(0)∂ur(0) ≳
q

e
Mf . (76)540

Therefore,541

sup
v∈[0,1]

r(v)∂ur(v) ≤ −C2
e

q
Mf + C1 (77)542

for some C2 ≲ 1. Thus, for sufficiently large eMf/q, ∂ur(0;α) < 0543

To continue the proof of Theorem 8.3.1, we now put our construction into the framework of the sphere data. For544

each α ∈ Q2k, define Dα(0) ∈ Dk by setting545

• ϱ = r(0;α) ≥ 1
2r+,546

• ϱ1v = ∂vr(0;α) > 0,547

• ϱ1u = ∂ur(0;α) < 0,548

• ω = 1549

Then Lemma 7.6 proves that Dα(0) ≃ DS
Mi,r(0;α),k

. In the same manner as the previous theorem, we now determine550

cone data551

Dα : [0, 1] → Dk,552

with initialization Dα(0) above and seed data ϕα. By standard ODE theory, Dα(v) is jointly continuous in v and α.553

By construction, the data set Dα(1) satisfies554

• ϱ = 2Mf ,555

• ϱ1u < 0,556

• ϱ1v = 0,557

• ω = 1,558

• q = qMf (definition of Q2k), and559

• φiv = 0 for 0 ≤ i ≤ k.560

It now suffices to find an α∗ ∈ Q2k for which additionally561

∂uϕ(1;α∗) = · · · = ∂kuϕ(1;α∗) = 0.562

The metric coefficients r(v;α), Ω2(v;α), the electromagnetic quantities Q(v;α), Au(v;α), and all their ingoing and563

outgoing derivatives are even functions of α. The scalar field ϕ(v;α) and all its ingoing and outgoing derivatives are564

odd functions of α. This is true for the same reasons as in Theorems 8.1 & 8.2, but with the additional necessity that565

the scalar field equations are also even in ϕ.566

Since pQ : S2k → Q2k is a diffeomorphism, it commutes with the antipodal map. In the same fasion as before, the567

function568

F : Q2k → Ck (78)569

α 7→ (∂uϕ(1;α), . . . , ∂
k
uϕ(1;α)) (79)570

is continuous and odd. Therefore, the Borsuk–Ulam theorem applied to571

572

(ℜF 1,ℑF 1, ...,ℜF k,ℑF k) ◦ pQ : S2k → R2k,573

where F i is the ith component of F . This shows that there is an α ∈ Q2k such that F (α) = 0. Dα(1) ≃ DR,k,M
RNAdS574

which concludes the gluing construction. Thus we have proved Theorem 8.3.575
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11. TELEOLOGY OF A COUNTEREXAMPLE576

Now that we have proved the above theorems, only a corollary is needed to disprove the third law of black hole577

thermodynamics in AdS space. The close similarity to Kehle and Unger’s work converges in this section, as both their578

theorems and the ones listed here serve to disprove the third law of black hole thermodynamics in their respective579

ambient spacetimes in the same manner. For the sake of clarity, we reframe the main corollary, and then follow a580

similar argument to Section 5.3 [Ung22].581

582

Corollary 11.1 For any k ∈ N, q ∈ [−1, 1]\{0}, and e ∈ R\{0}. Let M0(k, q, e) be defined as in Theorem 8.3.583

Then for any M ≥M0 there exist asymtotically AdS, spherically-symmetric Cauchy data for the EMSCF system, with584

Σ ≃ R3, and a regular center, such that the maximal future globally hyperbolic development (M4, g, F,A, ϕ) has the585

following properties:586

1. All dynamical quantities are at least Ck-regular.587

2. Null infinity I+ is complete.588

3. The black hole region (M\J−(I+)) is non-empty.589

4. The cauchy suface Σ lies in the domain of outer communication J−(I+).590

5. The initial surface does not contain trapped surfaces591

6. The spacetime does not contain antitrapped surfaces.592

7. For sufficiently late advanced times v ≥ v0, the domain of outer communication is isometric to that of a RNAdS593

black hole with mass M and mass-to-charge ratio q.594

Using the general gluing methodology outlined above (as well as the results from Theorem 8.3), we can take a portion595

of empty AdS space identified with596

t+ r ≤ 1

2
M (80)597

t− r ≥ −1

2
M (81)598

and glue to a RNAdS solution with the desired parameters; this allows for a complete future neighborhood of the599

event horizon. We now identify a spacelike curve Σ connecting spacelike infinity i0 in the exactly RNAdS region to600

the center, to the past of the cone u = −1. The curve Σ can be chosen so the induced data on it is asymptotically flat601

near i0.602

603

Figure 11 in [Ung22]. For our usage, read ”Mink” as AdS, ”RN” as RNAdS.604
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Completeness of null infinity I+ is inherited from the exact RNAdS solution, which can be seen from the fact that605

Σ can be contained in J−(I+. For the statement regarding trapped surfaces, see [Ung22] Proposition B.2, which606

follows identically in flat ambient space. Antitrapped spheres are also prevented by Raychaudhuri’s equation, which607

propogates the sign of ∂u(r).608

609

Since the global hypoerbolic development of (M4, g, F,A, ϕ) lies in the causal future of the induced data, uniqueness610

of Maxwell Field global hyperbolic development guarantees the solution satisfies Corollary 1.611

612

12. THE THIRD LAW OF BLACK HOLE THERMODYNAMICS613

In this section we analyze the behavior of extremal AdS4 Reissner-Nördstrom black holes, and show that, under the614

definitions of extremality posed by [Isr92] and [Ung22], counterexamples exist to the third law in AdS spacetime.615

616

Theorem 12.1: For any k ∈ N and e ∈ R\{0}, there exist asymtotically flat, spherically symmetric Cauchy617

data (Σ, g0, k0, e0, B0, ϕ0, ϕ1) with Σ ≃ R3 and a regular center such that the maximal future hyperbolic development618

(M4, g, F,A, ϕ) has the following properties:619

1. All dynamical quantities are at least Ck-regular.620

2. The spacetime and Cauchy data satisfies Corollary 1 for q = 1 and final mass Mf ≥M0(1, e, k) + 8.621

3. The spacetime contains a double null rectangle of the form R = {−2 ≤ u ≤ −1} ∪ {1 ≤ v ≤ 2} which is622

isomorphic to a Schwarzschild-AdS solution with M = 1.623

4. The cone {u = −1} ∪ R lies in the outermost horizon A′ of the spacetime and is isometric to an appropriate624

portion of the r = 2 hypersurface in the Schwarzschild-AdS spacetime of mass 1.625

5. The outermost apparent horizon A′ is disconnected626

6. M\J−(I+) contains trapped surfaces for arbitrary advanced time.627

7. For sufficiently late affine times τ1, τ0; τ1 > τ0, there exists some neighborhood N of the apparent horizon H+
τ≥τ1628

which guarantees N\H+
τ≥τ0 contains only strictly untrapped surfaces (∂vr > 0).629

630

Figure 12 in [Ung22]. For our usage, read ”Mink” as AdS, ”ERN” as Extremal-RNAdS.631
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We begin by gluing an AdS cone to a Schwarzdchild-AdS event horizon (M = 1) along {u = −1}. Then attach a632

double-null regtangle equipped with Schwarzschild-AdS data along r = 2 up to v = 2. Place u = −2 such that633

sup{u=−2}∩Rr = 2 + ϵ ≤ 3 (82)634

For ϵ sufficiently small, the first strip down to the center can be constructed as in the proof of Corollary 1. Let635

Mf ≥ M0 + 8 and extend the cone u = −2 to the future with vanishing scalar field until r = 1
2 (M0 + 8) > 3. By636

Theorem 8.3, extremal Reissner-Nördstrom AdS data can be attached. The asymtotically flat spacelike curve (which637

attaches at i0) is constructed as before.638

639

Then the maximal future global hyperbolic development (M4, g, F,A, ϕ) constains the causal codomain of Σ and640

satisfies the conclusions of the previous corollary.641

642

M also contains trapped surfaces in any future neighborhood of {u = −1}∪R, as ∂vr = 0 along {u = −1}∪R and,643

from (32), it still holds that644

∂u(r∂vr) = −Ω2

4
(1− r2Λ) (83)645

Which, for Λ < 0 guarantees this by definition. To show that trapped surfaces persist for arbitrary advanced time,646

Kehle and Unger’s argumnent is identical:647

648

”...we invoke the general boundary condition of [Kom13]. If the r = 0 singularity S is empty, then the outgoing649

cone starting from one of these trapped spheres terminates on the Cauchy horizon CH+ and the claim is clearly true650

by Raychaudhuri’s equation. If S is nonempty, then every outgoing null cone which terminates on S is eventually651

trapped, since r extends continuously by zero on S. Furthermore, S terminates at the Cauchy horizon CH+ or future652

timelike infinity i+.”653

654

Unlike in the case of a flat background spacetime, we do not have the condition that there exists a neighborhood655

U of H+ in M such that there are no trapped surfaces S ⊂ U . For any p ∈ H+ representing a sphere after the final656

gluing sphere. Then r(p) = Q(p) = Mf , ∂vr = 0, and ϕ(p) = 0. For Ω2 = 1 parameterization along the ingoing null657

cone passing through p, equation (32) reads:658

∂u∂vr = − 1

4Mf
+

M2
f

4M3
f

+
rΛ

4
=
MfΛ

4
(84)659

Though, taking further derivatives reveals660

∂2u∂vr = −2∂urMf

M2
f

+ ∂u(r)
Λ

4
(85)661

= ∂ur(
Λ

4
− 2

Mf
) = 0 (86)662

Since ϕ has compact support and thus ∂suϕ(p) = 0 for any s11. Thus, ∂vr expanded around p yields663

664

∂vru,v =
MfΛ

4
u− r|∂uϕ|2(

Λ

8
− 1

Mf
)u2 (87)665

Reparameterizing into u = 1
2 (t− r) guarantees similar quadratic behavior in t. Then, just as there is some u0 such666

that ∂vr > 0 for u > u0. With the above affine transformation to t we guarantee some τ0 with the same property.667

Then choosing some arbitrary τ1 > τ0 guarantees that, for any τ > τ1, There is some neighborhood N of the668

apparent horizon H+
τ≥τ1 which guarantees N\H+

τ≥τ0 contains only strictly untrapped surfaces, as in the sense of [Isr92]669

& [Ung22]’s definition of extremality.670

671

Finally, the claim about the disconnectedness of the outermost apparent horizon A′ now follows from the fact that672

A′ ∩H+ is one connected component of A′ which does not contain the set {u = −1} ∩ R ⊂ A′.673

11 up to Ck-regularity
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13. APPENDIX A: AN UPPER LIMIT ON Λ IN DE SITTER SPACETIME674

As mentioned in section 8, the Λ > 0 case requires we place limits on r. This is done to ensure that the sign of ∂ur675

is preserved along v. To find the limit on this, we begin with the wave equation:676

677

∂v(r∂ur) = −1

4
(1− r2Λ)678

To solve for ∂ur(1), we use the identity:679

680

r∂ur(1) = r(0)∂ur(0) +

∫ 1

0

∂v(r∂ur)dv (88)681

By assumption, r(0)∂ur(0) = − 2
R (1−

1
3ΛR

2). Using (40), the above expression reduces to:682

683

r(1)∂ur(1) = Λ(
2R

3
+

3R3

4
)− 8 +R

4R
(89)684

Solving for ∂ur(1) > 0 then algebraically yields the following inequality on Schwarzschild de-Sitter (SdS) gluing:685

686

Λ <
3(8 +R)

R(8 + 9R2)
(90)687

Where values of Λ which satisfy the inequality allow for Schwarzschild-de Sitter manifold gluing.688
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