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ABSTRACT

The goal of this paper is to provide a succinct overview of the Hitchin map
as well as its usage in demonstrating a physics-based instantiation of the Geo-
metric Langlands Conjecture. The first half of this paper seeks to introduce the
relevant mathematical machinery necessary to understand the Hitchin map in
its original form [1]. This analysis also includes a discussion on the integrability
of the map, as well as its fibrations and associated spectral curves. The second
half of this paper is dedicated to understanding the Hitchin map’s presence un-
der a particular “twisting” of N’ = 4 Supersymmetric Yang-Mills (SYM) theory.
We discuss the process of compactification and “GL-twisting” [2] from which
the Hitchin map arises naturally in Super Yang-Mills with the goal of appreci-
ating it as a mathematical bridge between Montonen-Olive S-duality and the
Geometric Langlands conjecture.



ONE SHOULD NEVER TRY TO PROVE ANYTHING THAT IS NOT ALMOST
OBVIOUS.

— ALEXANDRE GROTHENDIECK



CONTENTS

1 Introduction

1.1 Outlineand Goals . . . ... ... ..

2 The Hitchin Map

2.1 Foundations from Hitchin’s 1987 Paper . . .. . ... ... ... ... ... ..

211 The Base Structure . .. ...
2.1.2 Stability and Semistability . .
2.2 TheHitchinMap ...........
22.1 Algebraic Integrability . . . .

2.3 Spectral Curves and Hitchin Fibrations . . . . ... ... ... ... .....

3 Connections to A/ = 4 Super Yang-Mills Theory

3.1 N =4Super Yang-Mills in 10 Dimensions . . . . . ... ...........

3.1.1 Dimensional Reduction to Four Dimensions . . . ... ... ... ..

3.2 Topological Twisting of N' = 4 SYM

3.3 The GL Twist and Hitchin’s Equations . . . . . ... ... ..... ... ...

4 S-duality and the Physical Manifestation of Geometric Langlands

4.1 Connection to Geometric Langlands

References

10

11
11
12
13
14

15
16

18



1 INTRODUCTION

It’s impossible to understand the importance of the Hitchin Map without first under-
standing the universality of integrable systems. Across the studies of algebraic geometry,
integrable systems, and gauge theory, determining and classifying the spectral data of
an algebraically-integrable system is a central question. The Hitchin system was devel-
oped with this question in mind: In 1987, Nigel Hitchin authored what would become a
critically-important paper in which he developed a framework for this exact question.
Formally, an algebraically completely-integrable system is a holomorphic symplec-
tic manifold endowed with a map to an affine space, such that the generic fiber is an
abelian variety and the map’s components form a maximal Poisson-commuting family
of functions. Given a compact Riemann surface C, one naturally has a moduli space of
semistable principal G-bundles (or holomorphic vector bundles when G = GL(n,C))
over C. For a given point in the moduli space of semistable G-Higgs bundles on C (de-
noted M (G, C)), the Hitchin map extracts the algebraic invariants via the fundamental
invariant polynomials of the Lie algebra g, producing holomorphic sections of powers
of the canonical bundle K. In a gauge-theoretic sense, the Hitchin map generates the
space of gauge-invariant polynomials over the system, providing the “building blocks”

of Hamiltonians on the moduli space. That is to say, the map defines

Hit : Mp(G,C) — @ H'(C,KY), (1.1)
i=1

where d; are the degrees of the fundamental invariant polynomials on g. The right hand
side of this expression (herein referred to as the Hitchin base 1) hence is endowed with a
fibered structure at each point.

This structure also provides the footing to investigate the fiber structure above a given
point in the moduli space, known as the Hitchin fibration. The generic fibers of this map
are not arbitrary — they are (typically) complex tori associated to the Jacobian/Prym of
the so-called spectral curve. The spectral curve S; arises from the characteristic equation
det(¢ — Ald) = 0 evaluated fiberwise over C for a Higgs field ¢, where A is a one-form

tiber coordinate on the total space of Kc. This spectral data encodes the eigenvalues of



the Higgs field and geometrically defines an n-sheeted branch cover of C from which one
may reconstruct the original Higgs bundle ¢.

This classification of nonabelian geometry of the Higgs moduli by spectral data has
proven to be a versatile tool in various areas of modern physics, notably in Twistor theory
[3] Mirror symmetry [4, 5], and N/ = 2,4 Super Yang-Mills (SYM) theory [6]. For the
sake of this paper, we are interested in the latter of these connections, particularly within
twisted N = 4 super Yang-Mills theory, from which Kapustin and Witten [2] have relied

on Hitchin’s work to draw striking connections to the Geometric Langlands Program.

1.1 OUTLINE AND GOALS

This paper hopes to examine the Hitchin system as an algebraically integrable system and
to explore its role as a unifying structure linking algebraic geometry and quantum geome-
try. To motivate this exploration, we begin with a review of the mathematical foundations
necessary to understand the Hitchin map in its original form [1]. This includes a rigor-
ous introduction to holomorphic vector bundles and principal G-bundles, focusing on
the importance of stability conditions from the gauge-theoretic viewpoint, where stable
bundles correspond to critical solutions of the Yang-Mills functional. We then proceed
to Hitchin’s construction from the symplecto-geometric perspective, defining the moduli
space of Higgs bundles, fibers, and spectral curves, providing the Hitchin map explicitly
in terms of invariant polynomials.

Following this, we introduce the connections to N = 4 super Yang-Mills theory, focus-
ing on the Kapustin—-Witten construction [2], where a specific "GL” topological twist and
compactification on a Riemann surface C yield a low-energy effective theory governed
by the Hitchin moduli space My (G, C). Within this theory, Montonen—Olive S-duality
manifests as the action of the Langlands dual group on the moduli space, providing a

physical realization of the geometric Langlands correspondence.



2 THE HITCHIN MAP
2.1 FOUNDATIONS FROM HITCHIN’S 1987 PAPER

As stated in the opening chapter, the construction of the Hitchin map requires some nec-
essary prerequisite concepts which we seek to introduce as a means to building up to the
Hitchin map itself. The following introduction largely mirrors that in Hitchin’s original
work [1], as well as some additional notes to prepare the reader for a discussion of the

work done by Kapustin and Witten.
2.1.1 THE BASE STRUCTURE

The base structure on which the Hitchin map is defined is a C* Riemannian manifold
M equipped with an analytic complex vector bundle V' of rank m over M. This complex

vector bundle admits a “holomorphic” structure (i.e. a gauge field) formally as the map
dy: QOM; V) — QYN (M; V) 2.1)
where d’} obeys the usual Leibnitz rule
d4(fs) =of @s+ fd4s, s QM;V), feC®(M) (2.2)

and 0 is the Dolbeault operator. This refines the de-Rahm complex Q*(M; V), defining
local sections s with di{ls = 0 as holomorphic.
For the complex vector bundle V, we also have the automorphism group ¢, defined

over the space of holomorphic structures (denoted as .):
gEY —dy — g 'd)g (2.3)

Which acts by conjugation. For any two choices of Aj, Ay € 7, their holomorphic
structures differ by

" —d, =B e QY (M;End(V)) (2.4)

Where B is an infinitesimal deformation of the vector bundle; an element of the tangent
space at a point in the moduli of holomorphic structures. Note that ¢ acts on &7 via affine

transformations, hence B correpsonds to moving along a gauge orbitif d’j = ¢ lod’} o
Ay A,

g.



2.1.2 STABILITY AND SEMISTABILITY

A critically important aspect of integrable systems is the notion of stability. Formally,
for a complex manifold X of dimension n with complex vector bundle V, the stability is

defined in terms of the degree deg(V), which is given as
deg(V) = / (V) Aw™! (2.5)
X

Where ¢1(V) is the Chern class of V and w is the Kihler form. Then the “slope” of V

is defined as
._ deg(V)

V is defined to be a stable vector bundle if, for any nonzero quasi-coherent subsheaf

(2.6)

F C E, one has
u(F) < pu(V) (2.7)

Where equality raises the definition to semistability [7]. In the case that X = M is a
compact Riemannian manifold, the condition for (semi)stability on a holomorphic vector
bundle V reduces to the condition that for any proper subbundle U C V, the following

holds:
deg(U) _ deg(V)
rk(U) — rk(V)

Which reduces the full space of holomorphic structures (.7, V) to an open subset .<7*

(2.8)

for which &7° /¥ is smooth (note ¢ acts by affine transformation on .«# and does not affect
stability).

It should also be noted that this condition is only meaningful for ¢ > 1 surfaces: By
Grothendieck’s splitting theorem, ¢ = 0 = P! implies stability is trivial: V = O(d;) &
...0(dy) implies any rank > 1 reduces to constant degree. A more sophisticated argument
by Atiyah [8] proves a similar consequence for ¢ = 1, but also does not give 2/°/¥ as a
smooth manifold.

The smooth manifold N := &7°/% hence defines the moduli space of stable vector
bundles of rank m over M; the tangent space is thus identified as infinitesimal deforma-
tions at some point A :

Ta(N) = HY(M; End(V)) (2.9)
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Where dim(N') = m?(g — 1) + 1 by the Riemann-Roch theorem.! One may analo-
gously define this structure for an arbitrary torsor G with the associated adjoint repre-
sentation vector bundle P — in this case, A is associated with the group of translations
0% (M;ad P), and dim(N') = dim(G)(g — 1). This is the choice used in the literature, so
references herein to A are understood as the moduli space of stable holomorphic struc-
tures on a G-principal bundle P.

As will become evident later on, the abstract notion of stability connects naturally
with the minimizing energy functional of the Yang-Mills action: For a generic Hermitian
connection A on V over a Kihler manifold (M, w), the Yang-Mills (YM) action is given
[9] as

Symr = /M || Eal[2dvol (2.10)

Which minimizes under the equations of motion
FY* =0, AoFy' =u(V) (2.11)

Where F!'! is the nontrivial deformation from the YM tensor, implying that solutions
are given by

Fp o u(V)wldy + - - - traceless (2.12)

Which is only possible if V is stable per the Narasimhan-Seshadri theorem [10].

2.2 THE HITCHIN MAP

We now are in a position to construct the Hitchin map. This will provide a framework
from which we can prove algebraic integrability on stable bundles and later provide
physical insight into its invariants. From above, we defined N to be the moduli space
of stable holomorphic structures on a principal G-bundle P, where the tangent space
T,(N) = H'(M;ad P). By Serre duality, one also has a dual cotangent space descrip-
tion as:

HY(M;ad P) = H*(M;ad P ® K) (2.13)

n the case of a holomorphic bundle, this equation is true for G = GL(m, C).



Where gauge-equivalent pairs (A, ¢) € T*(N') are known as Higgs bundles. Since

ad P has a fiber isomorphic to g, any invariant degree d polynomial p on g defines a map:
p:H'(M;ad P ® K) — H°(M;K?) (2.14)

Thus for a basis of such invariants pj, ..., px one defines the Hitchin map:

k
Hit : H'(M;ad P ® K) — @ H(M; K%) (2.15)
i=1
Where the right hand side provides an encoding of invariant polynomials as genera-

tors of a Z-graded algebra; this object is referred to in the literature as the Hitchin base

B.
2.2.1 ALGEBRAIC INTEGRABILITY

The key perspective of Hitchin that allowed for the development of the Hitchin map and
fibration is the treatment of T*A\ as a complex symplectic manifold. To understand the
complete algebraic integrability of the Hitchin map, recall the definition in Symplectic

geometry:

A symplectic manifold M of dimension 2n is a completely integrable Hamiltonian system if
there exist functions { f1, ..., fu} such that f;, f; Poisson commute for all i, j and dfi A ..., Adfy is

generically nonzero.

Considering N as the manifold of interest, we direct our interest to the cotangent space
T*N . Since one has that T(N ) is spanned by n vector fields { X I X o } for the n smooth

functions f, ..., fu, the cotangent space is defined as the dual vector space to this:
n
w:N —g" ulx)= Zfi(x)éi (2.16)
i=1

For {&;} as a dual vector basis at T*(N'). However, in the case that the fiber x~1(0)
is acted on freely by G, (which is true for G as a local gauge transformation), then one is
interested in the cotangent space of inequivalent covectors: This is known as the Marsden-

Weinstein quotient 1 ~1(0)/G. Hence,

I

T*(/°/G) = T*(N) =2 u1(0)/G (2.17)

9



Where p : T*(«/°) — g* is the moment map in question. Returning to the Hitchin
map, we have that «* x H(M;adP ® K) = T*N where we consider the latter as a
2n-dimensional symplectic manifold (n dimensional base space, and an n-dimensional

covector fiber). The canonical symplectic form is thus given in [1] as:

6(A,d) = /MB(A A D) (2.18)
Aec Q¥ (M;adP), &€ Q°(M;adP®K) (2.19)

Where (A, ®) are the tangent vectors at (A, ®) on («7°, Q°(M;ad ® K)) respectively,
and B is the killing form of the group G.
Note that A descends from d’j for some ¢ € Q°(M;ad P) as defined previously.

Hence the symplectic form vanishes iff
/ B(d"jp A ®) :/ B(pdi®) =0 < u(A,®) =0iff 4 =0 (2.20)
M M

Or equivalently that & is holomorphic. Thus by evaluation onas has a map from T*N
to the invariant polynomials in g:

k
q:° x Q' (M;ad P @ K) — P Q°(M; K%) (2.21)
i=0

Which from the previous discussion on the Marsen-Weinstein map 1 ~1(0)/G define
Poisson-commuting functions in T* A, which follows the definitions in symplectic geom-
etry. For a continuation of this fact to explicitly show algebraic integrability on the Hitchin
map, see [1], however this derivation provides a definition up to the rules of symplectic

geometry.

2.3 SPECTRAL CURVES AND HITCHIN FIBRATIONS

Now that we have established algebraic integrability over the Hitchin moduli, we may
investigate the Hitchin fibrations. These are defined as Hit™!(b) for some point b € B,
which gives a subvariety over Mp. Since the sections which specify a point in B are
maximally-commuting Poisson functions, Hit~!(b) is generically an (abelian) complex

tori.
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Consider for a particular Higgs bundle ® and a corresponding set of invariant poly-
nomials defining a point b as (p1(®), .., px(P)) = b € B, one may determine the specific

variety “cut out” from K¢ as the one-form A(x) such that the equation
det(®(x) — A(x)Idyxn) =0 (2.22)

Which is isomorphic to a Jacobian/Prym of the Spectral curve, depending on G. In
the case of G = GL(n,C), one has invariant polynomials Tr(®?), Tr(®3), ..., Tr(®*). The
Spectral curve then cuts from K¢ the roots of the characteristic polynomial on ®(x) for all

x € C, which is a smooth, n-sheeted branched cover of C.
3 CONNECTIONS TO N = 4 SUPER YANG-MILLS THEORY

We now wish to see how the Hitchin map and fibrations arise naturally in string the-
ory, forming a critical link between the Geometric Langlands conjecture and a particular
“twisted” version of N' = 4 Super Yang-Mills (SYM) theory. We introduce the compactifi-
cation of this theory as a 4-dimensional TQFT, where we follow the work of Kapustin and
Witten [2] to determine the twisting procedure which connects the theory to Geometric

Langlands, where Hitchin’s equations naturally arise.
3.1 N =4 SUPER YANG-MILLS IN 10 DIMENSIONS
Consider a background 10-dimensional Euclidean spacetime (R'%) with metric:
ds* = dxf +dx? + - +dxj (3.1)

With SO(10) symmetry, and spin representation ST of rank 16. As in 4-dimensional
QFT, we have a Clifford algebra of Gamma matrices given by I'; for I € {0,9} with

properties
{T,T;} =2g1, T=Tol1..Tg, st.T:er L¢, fore € ST (3.2)

Where generically, each I'; can be understood as a bilinear map I'; : ST ® ST — R.
The theory has a gauge connection A defined as a G-bundle E, and a fermion (spinor)
field valued A in the adjoint representation of ST; A is hence a section of ST ® ad E. The

covariant derivative is given as D = d + A, and hence F = D? = dA + A A\ A.
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One may then derive the SUSY action in the typical fashion: for an invariant spinor €
valued in 8%, the SUSY translations are defined by anticomutator relations on the SUSY

generators {Q,} in S™:

1 16
OsA; = i€T[A, OgA = ErUFUe, 6s =Y {€"Qa —} (3.3)

a=1

From which the invariant Euclidean SYM action is given in [2] up to gauge coupling e

as:
1 - 1
ho == / 410 Tr [i)\FIDI/\ — SFyF! (3.4)
Which has associated supercurrents:
1
I = ETr[erl:H(rlA] (3.5)

Which define the translation supersymmetries of the theory. Furthermore, one may
extract from the Lagrangian the full Bosonic? symmetry group P of the theory: As in the
standard Poincaré symmetry group, it is given as a semidirect produce of local SO(10)

translations as well as the translation group R'?, expressed in the short exact sequence:

0— RY — P —s0O(10) — 0 (3.6)
3.1.1 DIMENSIONAL REDUCTION TO FOUR DIMENSIONS

For the sake of describing the four-dimensional observed spacetime, one needs to make
sense of the six extra dimensions of the Lagrangian. In string theory, this amounts to
compactifying six of the dimensions. For the case of the gauge connection A, one takes
Xo, ..., X3 to be the spatial non-compactified dimensions defining the connection A =
Aydxt for p € {0,1,2,3}, and for the remaining six dimensions, A;;4 := ¢;. The cur-
vature is slightly more complicated, as it has three classes of terms: For terms with both
indices in u,v € {0,1,2,3}, Fyy is the typical four-curvature. Terms which have one or
zero terms in this range become covariant derivatives D, ¢; and commutators [¢;, ¢;] re-
spectively. This yields a Bosonic action from compactifying (3.4):

1 \ 1 3 " 3 6 . 16 )
I = —e—Z/d XTr |5 Y FuF"+ Y Y- DupDii+ 5 Y (96 (3.7)

uv=0 u=0i=1 i,j=1

2Non-SUSY symmetries
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Which is unique up to topological class (i.e. Chern class). Note that this compactifi-
cation splits the original SO(10) symmetry into SO(4) x SO(6), or equivalently Spin(4) x
Spin(6) = Spin(4) x SU(4)g, which is the typical Euclidean expression to indicate the
R-symmetry of the theory.

3.2 TOPOLOGICAL TWISTING OF N =4 SYM

In general, the base 4-manifold M on which the above theory lives will not preserve the
supersymmetry of scalars € valued in S*. This is because M generically has curvature
such that Ve # 0. However, a clever procedure of “twisting” is employed [11] to gener-
ate a TQFT out of the above A/ = 4 SYM theory. The goal of this procedure is to ensure
at least one scalar supercharge Q (valued in Spin(4)) remains invariant. If Q> = 0, then
this plays the role of the BRST operator Q in quantization, determining a space of invari-
ants which classify the observables of the theory. Recall that in the above theory, if we
take M = R%, the Euclidean rotational symmetries are given by Spin(4), and the internal
symmetries Spin(6) = SU(4)g. “Twisting” then amounts to finding a different subgroup
Spin’(4) € Spin(4) x Spin(6) which acts identically on M, but internally cancels the co-
variant derivative on a particular scalar supercharge.

A generic twist can thus be expressed by a homomorphism { : Spin(4) — Spin(6) such

that we identify
Spin’ (4) = (1 x {)(Spin(4)) C Spin(4) x Spin(6) (3.8)

Which we hope defines a nonzero invariant supercharge Q € S™ that will play the
aforementioned role in BRST quantization. Note that since {Q, Q} = 0 for Fermionic
supercharges, the condition Q%> = 0 is automatic.> Multiple twisted versions of N = 4
SYM theory have been explored [12, 13] — for the sake of this paper we are interested in
the so-called “GL twist” defined by

o= (°%Y o) = ("0 sot2)) 42

Which has the nice property of embedding SU(2) x SU(2), € Spin(6) such that the
fundamental representation of Spin(6) = SU(4)g transforms as (2,1) ® (1,2) of Spin(4) as

3See Eq. 2.15in [2].
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suggested by the equivalence above. This precise decomposition is identifies linear com-
binations of the original supercharges which become scalars under the newly-defined,
twisted Lorentz group Spin’(4).

This algebra has the effect of determining left and right-handed eigenvalues ¢, €, such
that fEel Jr = €1/, which* are related by the Clifford superalgeba as

13
& =7 Y Tusalyer = (T +Tyqalia)e =0 (3.10)
u=0

Such that one has invariant supercharges Q;, Q, associated to the generators ¢, €, giv-

ing a CIP!-family of invariant supercharges Q = uQ; + vQ;.
3.3 THE GL TwiST AND HITCHIN’S EQUATIONS

For a TQFT formulated under the GL twist above, there is a natural way to further com-
pactify the theory down to two dimensions. In the case that M = ¥ x C for® a compact
Riemannian manifold C, we may find the effective theory on X by minimizing the Eu-
clidean action of the topological Lagrangian of the TQFT. We leave out a rigorous deriva-
tion of such action, however the main result is that for a choice of (u,v) € CPY, one has
a canonical parameter ¥ (u, v) determined from the complex coupling of the given TQFT,

which gives an action of the form:
Y
Irgrr = £ /M Tr[F A F] (3.11)
Which has a contribution from the choice of (A, ¢) given by
1 1. —
Ap) _ 4 [ * 4\2
149 = /M d*x,/gTr {EPWP — (D*¢) (3.12)

Where the Euclidean action is minimized at F = D¢ = 0. As pullbacks from C, this

descends to equations of motion on X which are precisely those given by Hitchin:
F—-¢pNp=0, Dp=D¢p=0 (3.13)

Which define the Hitchin moduli space My(G,C) which parameterizes the stable®

G-Higgs vector bundles on C. Following Kapustin and Witten’s assumptions on X7, the

4The convention used in [2] is = Tl oI5,

5% can be complete and noncompact or another compact Riemannian manifold.
6Which depends on G, of course — in the cases analyzed, this is assumed.

7
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four-dimensional theory reduces on £ x C to a two dimensional effective theory on X
whose target space is My (G,C); that is to say, a solution of the equations of motion
defines a unique map ® : £ — My, where ® correspond to the Higgs bundles of the
TQFT. Furthermore, the N' = 4 supersymmetry ensures My is hyperkdhler quotient of
the full moduli space by the gauge group G.

A generic combination of Higgs fields ¢ € X transform under the GL twist as a scalar
® on C, defining a section ® € H’(C,ad E ® K¢). Recall the full moduli space of stable
G-bundles on C is given as N/, such that the tangent space at a point (E, ¢) is given as
H'(C,ad E) =, thus Serre duality implies T*N = H°(C,ad E ® K¢).

Since T*N C My are equivelent only up to a high-codimension locus of stable (E, ¢)
and unstable-E bundles, the embedding T*N — My sending (E, ¢) — ¢ is an equality
up to this codimension slice. This gives the Hitchin map as

k
Hit : H(C;ad E® Kc) € My(C,G) — Q) HY(C,KE) (3.14)
i=1

In this context, a given ® corresponds to a spectra of vacuum expectation values
(VEVs) for the topological observables; these values parameterize a spectral curve above

a generic point Hit~!(b), which for the Hitchin map was shown to be complex tori.

4 S-DUALITY AND THE PHYSICAL MANIFESTATION OF GEO-
METRIC LANGLANDS

The final section of this paper is dedicated to underlining the significance of GL-twisted
N = 4SYM theory to understanding a particular, physical manifestation of the Geometric
Langlands conjecture. Recall from above the physical understanding of My(G,C) as
the structure of SUSY-preserving VEVs [2] for a particular twisted instantiation of N' =
4 SYM, where the Hitchin base and fibers determine the structure of the space of such
expectation values.

An important and well-established conjecture in string theory is the Montonen-Olive
(S) duality [14]. In general, the conjecture implies a duality between a particular quantum

equivalence in N/ = 4 Super Yang-Mills theories, where a given choice of gauge group
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G and complex coupling constant 78 is dual to another ' = 4 SYM theory with gauge

group "G and 7/ = —1/7.

G q
U(N) U(N)
SU(N) PSU(N)=SU(N)/Zn

Spin(2n) SO(2n)/Zs
Sp(n) SO(2n + 1)
Spin(2n + 1) Sp(n)/Zs
G2 G2
Eg Eg

Figure 1: A table of groups G and their Langlands dual G. (Table from [2]).

This duality is significant as it is a UV-IR duality: By the relationship of coupling con-
stants, S-duality provides nonperturbative insight into strongly-coupled SYM theories

from IR solutions.

4.1 CONNECTION TO GEOMETRIC LANGLANDS

The Geometric Langlands conjecture [15, 16] is a much more general relationship con-
jectured between two areas of mathematics: automorphic forms and Galois theory. On
one side of the conjecture lives Bung(C), the moduli stack of principle G-bundles over
a Riemannian manifold C. In the case that G = GL(n,C), this reduces to holomorphic
vector bundles over C as described by the Hitchin map. On the other side, one has the
moduli stack of principle “G-connections on C, or more precisely the coherent sheaves
Loc;(C). The Geometric Langlands conjecture is thus an isomorphism between derived

categories’ of these objects:
D(Bung(C)) = D(LocLg(C)) (4.1)

In the work of Kapustin and Witten [2], a precise formulation of this conjecture is

87 is related to ¥ under compactification, but is generically given in terms of the Chern class 6 and coupling constant
easT = 0/2mw+4mi/é%.

9There are additional constraints on the derived categories in question, however I will leave it to the reader to
understand these more fully. A detailed review of the conjecture in its mathematical form is given in [16]
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shown through further analysis on the GL-twisted A/ = 4 Super Yang-Mills theory. Criti-
cally, applying S-duality to this Hitchin system gives a dual Hitchin map My (C,F G) —
Big. Since Bi; = Bg follows from Chevalley’s theorem, one has an isomorphism of
Hitchin moduli M (C, G) 2 My(C,E G). as hyperkéhler manifolds. An analysis by Ka-
pustin and Witten invoking Mirror symmetry [16] of this isomorphism provides a equiva-
lence between certain categories of branes in M (G, C) and Mg (*G, C) — specifically the
categories of (electric) A-branes and (magnetic) B-branes, respectively. Utilizing the work
of [1, 17, 18, 19] on non-abelian Hodge theory, this duality is extended to the Geometric
Langlands conjecture, where the A-brane model with target My (C, G) is mirror to the

B-brane model with target My (C,t G), yielding the categorical equivalence:
D(D(Bung(C)) = D(QCoh(Loc.;(C))) (4.2)

Where the left-hand (electric, A-brane) side is the derived category of D-modules on
Bung(C), and the right hand (magnetic, B-brane) side is the derived category of coherent
sheaves of stable, flat G-connections on C, implying a physical manifestation of duality

predicted by the Geometric Langlands conjecture.
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